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We onsider terahertz absorption and gain in a single miniband of semiondutor
superlattie subjet to a bihromati eletri eld in the most general ase of ommensurate
frequenies of the probe and pump elds. Using an exat solution of Boltzmann transport
equation, we show that in the small-signal limit the formulas for absorption always ontain
two distint terms related to the parametri and inoherent interations of miniband
eletrons with the alternating pump eld. It provides a theoretial bakground for a ontrol
of THz gain without swithing to the negative dierential ondutivity state. For pedagogial
reasons we present derivations of formulas in detail.
I. INTRODUCTION
We onsider terahertz absorption and gain in a single miniband of semiondutor
superlattie subjet to a bihromati eletri eld in the most general ase of ommensurate
frequenies of the probe and pump elds. Using an exat solution of Boltzmann transport
equation, we show that in the small-signal limit the formulas for absorption always ontain
two distint terms related to the parametri and inoherent interations of miniband
eletrons with the alternating pump eld. It provides a theoretial bakground for a ontrol
of THz gain without swithing to the negative dierential ondutivity state. For pedagogial
reasons we present derivations of formulas in detail.
There exists a great interest to generation, ampliation and detetion of oherent
terahertz (THz) radiation in semiondutor mirostrutures.[1℄ It is stimulated by a rapid
progress of THz sienes and tehnologies ranging from the astronomy to mediine.[2, 3℄
Currently, the main diretion in this ative area of researh is the development of quantum
asade lasers[4℄ and ampliers.[5℄ However, these devies require relatively low temperature
of operation.
In theory, an intraminiband absorption of THz elds in d biased semiondutor
superlatties[6, 7, 8℄ (SSLs) an be negative even at room temperature. It was predited that
this high-frequeny gain arises in onditions of negative dierential ondutivity (NDC).[9℄
However, a realization of THz amplier or osillator, based on the NDC eet in SSL, is
ompliated by a development of spae-harge instability[10, 11℄ resulting in a formation of
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high-eld eletri domains inside SSL. This NDC-indued eletri instability is destrutive
for THz gain. To suppress the eletri instability it was suggested a use of new types of
SSLs, in partiular lateral superlatties,[12℄ a stak of short superlatties[13℄ or miniband
engineering.[14, 15℄
Alternatively, a high-frequeny gain an be ahieved in SSLs driven by strong a elds
(Refs. [16℄[26℄). Negative absorption of a probe eld arises if its frequeny and the frequeny
of a pump eld are ommensurate.[16, 17℄ In reent Letters[19, 20℄, we laried parametri
nature of this eet and found that it an exist without swithing to NDC in the time-
average voltage-urrent harateristi of SSL. This theoretial result allows to expet that
the undesirable eletri instability an be eetively suppressed in the ase of parametri
gain.
Here we want to provide some mathematial details whih have been omitted in the
letter[20℄. Thus the aim of the present ontribution is to derive the formulas desribing
absorption and gain of a THz probe eld in biased SSL in the presene of a strong THz
pump eld. Within the semilassial approah we onsider the most general ase of arbitrary
ommensurate pump ω1 and probe ω2 frequenies and take into aount eets of the relative
phase ϕ0 between the elds. We nd that in the limit of a weak probe eld the absorption
an be represented as a sum of the phase-dependent parametri and phase-independent
inoherent terms. In partiular, our analysis provides a proof of the statement[20℄ that a
small-signal net gain of a probe eld, whih is not orrupted by an odinary generation
of harmonis, an exist in unbiased SSL only at even harmonis and in biased SSLs only
at half-integer harmonis of the pump eletri eld. Absorption at frational harmonis is
also onsidered. Additionally, we ompare our formula for small-signal absorption at even
harmonis with the orresponding formula derived by Pavlovih[16℄ in the partiular ase of
unbiased SSL and ϕ0 = 0. We demonstrate that his formula formally ontains an extra term,
whih nevertheless is identially zero. Therefore, with aount of this observation, we an
onrm that the Pavlvih formula is orret. For pedagogial reasons we present derivations
of the main equations in this paper in detail.
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II. HIGH-FREQUENCY ABSORPTION OF AN ARBITRARY PROBE
We suppose that the total eletri eld E(t) ating on eletrons is a sum of the pump
Ep = E0 +E1 cos(ω1t) (E0 is the d bias) and probe Epr = E2 cos(ω2t+ ϕ0) elds. In a real
devie, Epr may be a avity mode tuned to the desired THz frequeny. We onsider the most
general ase of ommensurate frequenies
ω1
ω2
=
n
m
, (1)
where n and m are integers and n/m is an irreduible fration. Dynamis of the eletrons
belonging to a single miniband is well desribed by the semilassial approah[7, 8℄ based
on the use of Boltzmann transport equation
∂f
∂t
+ eE(t)
∂f
∂p
= −
f − f eq
τ
(2)
together with the tight-binding dispersion relation
ε(p) =
∆
2
[
1− cos
(
pd
~
)]
.
Here ∆ is the miniband width, d is the SSL period, p is the quasimomentum, f eq =
d
2pi~I0
exp
(
∆
2kBT
cos
pd
~
)
is the equilibrium distribution funtion[11℄, I0 is the modied
Bessel funtion of the argument ∆/2kBT . The eletron veloity, averaged over the
distribution funtion f(p, t), an be alulated as
V (t) =
∫
V (p)f(p, t) dp, (3)
where the integration is performed over Brillouin zone |p| ≤ pi~/d, V = ∂ε(p)/∂p =
V0 sin(pd/~) is the eletron veloity, V0 = ∆d/2~ is the maximal eletron veloity in the
miniband. We dene the absorption A(ω2) of the probe eld Epr(t) as
A(ω2) = 〈V (t) cos(ω2t + ϕ0)〉t ≡
1
T
T∫
0
V (t) cos(ω2t+ ϕ0) dt, (4)
where the time-averaging is performed over the ommon period T = 2pin/ω1 = 2pim/ω2 of
both elds. Note that the absorption depends on the relative phase ϕ0. Gain at frequey ω2
orresponds to A(ω2) < 0. Power P absorbed (P > 0) or emitted (P < 0) in the miniband
at frequeny ω2 is proportional to A(ω2)E2.
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The Boltzmann equation (2) allows an exat solution (see Appendix A). Using this
solution we found the expression for absorption in the form[29℄
A(ω2) =
∞∑
l1,l2=−∞
∞∑
j=−∞
Jl1(β1)Jl2(β2)Jl1−jm(β1) [Jl2+jn−1(β2) + Jl2+jn+1(β2)]
×
[
(Ω0 + l1ω1 + l2ω2)τ cos(jnϕ0) + sin(jnϕ0)
1 + (Ω0 + l1ω1 + l2ω2)2τ 2
]
, (5)
where Jn(x) is the odinary Bessel funtion, Ωi = edEi/~ (i = 0, 1, 2) and βi = Ωi/ωi
(i = 1, 2) and A is measured in the units of peak veloity Vp = V0I1(y)/2I0(y) (y = ∆/2kBT )
orresponding to the peak urrent in Esaki-Tsu voltage-urrent harateristi[6, 7, 8℄. The
derivation of Eq. (5) is presented in Appendix A.
III. HIGH-FREQUENCY ABSORPTION OF A WEAK PROBE
In what follows we will onsider the small-signal limit E2 ≪ E1. In this limit, we need to
take only ertain ombinations of indexes of Bessel funtions in (5). First, we onsider the
most important ase when the probe eld is a harmoni of the pump eld.
A. Absorption at harmonis (ω2 = mω1)
In the limit of weak probe eld (β2 ≪ 1), we need to take only the following ombinations
of indexes of Bessel funtions in (5): (l2 = 0, j = ±1), (l2 = 0, j = ±2), (l2 = ±1, j = ∓2),
(l2 = ±1, j = 0). As a result we represent the absorption as a sum of three terms
A = Jharm(ϕ0) +
β2
2
(Acoh + Aincoh) +O(β22). (6)
Here Jharm depends on the pump amplitude (β1) and relative phase ϕ0 as
Jharm(ϕ0) =
∞∑
l=−∞
Jl(β1)
[
Jl−m(β1)
(Ω0 + lω1)τ cosϕ0 + sinϕ0
1 + (Ω0 + lω1)2τ 2
+ Jl+m(β1)
(Ω0 + lω1)τ cosϕ0 − sinϕ0
1 + (Ω0 + lω1)2τ 2
]
. (7)
Sine Jharm does not depend on a small amplitude of the probe eld this term is leading in
Eq. (6). Note that Jharm is just the part of urrent at m-th harmoni whih in phase with
the probe eld. Importantly, negative sign of Jharm does not automatially mean a negative
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absorption of the probe eld and P < 0, in ontrast to the statement in Ref. [27℄. Net gain
an arise only if other terms in the expression (6) are negative.
Next, Acoh desribes the parametri ampliation of the probe eld[20℄ due to its oherent
interation with the pump eld
Acoh =
∞∑
l=−∞
Jl(β1)
[
Jl−2m(β1)
(Ω0 + lω1)τ cos(2ϕ0) + sin(2ϕ0)
1 + (Ω0 + lω1)2τ 2
− Jl+2m(β1)
(Ω0 + lω1)τ cos(2ϕ0)− sin(2ϕ0)
1 + (Ω0 + lω1)2τ 2
]
− 2
∞∑
l=−∞
Jl(β1)Jl+2m(β1)
sin(2ϕ0)
1 + (Ω0 + lω1 + ω2)2τ 2
(8)
and Aincoh desribes nonparametri eets
Aincoh =
∞∑
l=−∞
J2l (β1)
[
(Ω0 + lω1 + ω2)τ
1 + (Ω0 + lω1 + ω2)2τ 2
−
(Ω0 + lω1 − ω2)τ
1 + (Ω0 + lω1 − ω2)2τ 2
]
.
(9)
It is important to notie that the sign of Aincoh plays an essential role in stabilization of
spae-harge instability in SSL.[20, 21℄ Namely, the neessary ondition of eletri stability
is an operation at a positive slope of time-average urrent-voltage harateristi. As a rule,
this slope is positive if Aincoh > 0. Therefore it is desirable to work in onditions whih
provide Aincoh > 0.
1. Unbiased superlattie
In the ase of unbiased SSL (E0 = 0) the harmoni omponent of the urrent beomes
Jharm(ϕ0) = [1− (−1)
m]
∞∑
l=−∞
Jl(β1)Jl−m(β1)
lω1τ cosϕ0 + sinϕ0
1 + l2ω21τ
2
.
For odd m the ontribution of Jharm is larger than the sum of the oherent and inoherent
omponents of absorption. Therefore, the generation of odd harmonis an blur out a weaker
eet of parametri gain. In ontrast, a generation of even harmoni is forbidden due to
symmetry, Jharm(φ0) = 0, and thus for even m
A =
β2
2
(Acoh + Aincoh) +O(β22), (10)
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where
Acoh = 2
∞∑
l=−∞
Jl(β1)Jl−2m(β1)
lω1τ cos(2ϕ0) + sin(2ϕ0)
1 + l2ω21τ
2
− 2
∞∑
l=−∞
Jl(β1)Jl+2m(β1)
sin(2ϕ0)
1 + (lω1 + ω2)2τ 2
(11)
and
Aincoh = 2
∞∑
l=−∞
J2l (β1)
(lω1 + ω2)τ
1 + (lω1 + ω2)2τ 2
. (12)
In our reent letter[20℄ we showed that the oherent absorption an be negative (Acoh < 0)
at even harmonis due to a parametri resonane aused by Bragg reetions of miniband
eletrons. Moreover, |Acoh| has a maximum at an optimal phase ϕ0 = ϕopt[20℄. In this ase,
the total absorption A (10) is determined by the onurrene of Acoh < 0 and Aincoh > 0
and an be also negative (net gain) if |Acoh| > Aincoh.
We onlude this setion notiing that Eqs. (11) and (12) have been rst obtained by
Pavlovih.[16℄ The relations between our equations and formula of Pavlovih are disussed
in Appendix B.
B. Absorption at integer half-harmonis (ω2 = mω1/2)
In analogy with the preeding ase, in the limit β2 ≪ 1 we take only the ertain
ombinations of indexes of Bessel funtions in (5): (l2 = 0, j = ±1), (l2 = ±1, j = ∓1),
(l2 = ±1, j = 0). As a result we represent the absorption as a sum of two terms
A(ω2) =
β2
2
(Acoh + Aincoh) +O(β22). (13)
where
Acoh =
∞∑
l=−∞
Jl(β1)
[
Jl−m(β1)
(Ω0 + lω1)τ cos(2ϕ0) + sin(2ϕ0)
1 + (Ω0 + lω1)2τ 2
− Jl+m(β1)
(Ω0 + lω1)τ cos(2ϕ0)− sin(2ϕ0)
1 + (Ω0 + lω1)2τ 2
]
− 2
∞∑
l=−∞
Jl(β1)Jl+m(β1)
[
1
1 + (Ω0 + lω1 + ω2)2τ 2
−
1
1 + (Ω0 − lω1 − ω2)2τ 2
]
sin(2ϕ0) (14)
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and the inoherent absorption Aincoh is again given by Eq. (9).
Analyzing (14) for E0 = 0 we see that A
coh = 0 in the unbiased SSL and therefore the
total absorption beomes
A(ω2) =
β2
2
Aincoh, (15)
where Aincoh is given by (12).
Despite impossibility to have parametri gain at half-integer harmonis in unbiased SSL
(Acoh = 0), it is still feasible to have a negative absorption without eletri instability  i.e.
Acoh < 0, Aincoh > 0 and |Acoh| > Aincoh  in the ase of d biased SSL.[20, 25℄
C. Absorption at frational frequenies (ω2 = mω1/n with n ≥ 3)
First of all let us onsider the ase n = 3. In the limit β2 ≪ 1, we need to take only the
following ombinations of indexes of Bessel funtions in (5): (l2 = 0, j = ±1), (l2 = ±2, j =
∓1), (l2 = ±1, j = 0). As a result we an write the total absorption as a sum of two terms
A(ω2) =
β2
2
Aincoh +
β22
8
Acoh +O(β32),
where the inoherent absorption Aincoh is given by Eq. (9) and
Acoh =
∞∑
l=−∞
Jl(β1)
[
Jl−m(β1)
(Ω0 + lω1)τ cos(3ϕ0) + sin(3ϕ0)
1 + (Ω0 + lω1)2τ 2
+ Jl+m(β1)
(Ω0 + lω1)τ cos(3ϕ0)− sin(3ϕ0)
1 + (Ω0 + lω1)2τ 2
]
+
∞∑
l=−∞
Jl(β1)
[
Jl−m(β1)
(Ω0 + lω1 − 2ω2)τ cos(3ϕ0)− sin(3ϕ0)
1 + (Ω0 + lω1 − 2ω2)2τ 2
+ Jl+m(β1)
(Ω0 + lω1 + 2ω2)τ cos(3ϕ0) + sin(3ϕ0)
1 + (Ω0 + lω1 + 2ω2)2τ 2
]
. (16)
In partiular ase E0 = 0 the inoherent absorption is (12) and oherent absorption (16)
beomes
Acoh = [1− (−1)m]
∞∑
l=−∞
Jl(β1)Jl−m(β1)×
[
lω1τ cos(3ϕ0) + sin(3ϕ0)
1 + l2ω21τ
2
+
(lω1 − 2ω2)τ cos(3ϕ0)− sin(3ϕ0)
1 + (lω1 − 2ω2)2τ 2
]
. (17)
Hene, ifm is the even number Acoh = 0 and the total absorption A is essentially determined
by the nonparametri term A = β2A
incoh/2.
8
Seond, we onsider the ase of n > 3. In the limit of weak probe β2 ≪ 1 one an obtain
for the absorption
A(ω2) =
β2
2
Aincoh +O(βn−12 ). (18)
Finally, if the frequenies of the probe and pump elds are inommensurate, the expression
for the absorption A(ω2) onsists of only inoherent omponent A
incoh
.
IV. CONCLUSION
In summary, within the semilassial approah we onsidered a urrent in a superlattie
driven by a bihromati eletri eld. We have obtained the formula for absorption (5) in the
most general ase of ommensurate frequenies of the probe and pump elds using an exat
solution of Boltzmann equation. We showed that in the small-signal limit the absorption
an always be represented as a sum of two distint terms desribing the phase-depended
parametri Acoh and phase-independent inoherent Aincoh interations of miniband eletrons
with the high-frequeny pump eld. The inoherent omponent Aincoh desribes the free
arrier absorption modied by the pump. The inoherent omponent Acoh has a parametri
nature. As follows from Eq. (18) in the ase n > 2, the total absorption is dominated by
the inoherent absorption omponent. Hene it is possible to get the parametri small-signal
gain only in the ases when the probe eld is harmoni or half-harmoni of the pump eld.
Finally, we would like to notie that eets of nonlinear absorption, inluding the
parametri gain, are not limited to semiondutor superlatties and THz eletri elds.
These eets should be observable in dierent physial systems demonstrating dissipative
transport in a single energy band.
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Solution of Boltzmann equation
In this Appendix we rst represent the exat solution of the Boltzmann equation (2) in
the ase of total eletri eld E(t) = E0 + E1 cos(ω1t) + E2 cos(ω2t + ϕ0) , and then derive
the formula (5).
The eletron distribution funtions f and f eq due to a periodiity in the quasimomentum
permit a representation in the form of Fourier series
f(p, t) =
∞∑
m=−∞
fm(t)e
imϕ, f eq(p) =
∞∑
m=−∞
f eqm e
imϕ, (19)
where ϕ = pd/~. The Fourier oeients of the f eq are[11℄ f eqm = dIm(y)/2pi~I0(y), Im(y) is
the modied Bessel funtion of the argument y = ∆/2kBT . Substituting (19) in (2) we get
∂fm
∂t
−
{[
Ω0 + Ω1 cos(ω1t) + Ω2 cos(ω2t+ ϕ0)
]
im−
1
τ
}
fm =
f eqm
τ
. (20)
Solving the homogeneous dierential equation orresponding to (20), we nd
fm = C(t)e
imΩ0te−t/τ exp{im[β1 sin(ω1t) + β2 sin(ω2t+ ϕ0)]}. (21)
To nd the oeient C(t) we substitute this expression for fm in (20) and obtain
C(t) = f eqm
∞∑
l1,l2=−∞
Jl1(mβ1)Jl2(mβ2)
exp[(−imΩ0 + 1/τ − il1ω1 − il2ω2)t]
1− i(mΩ0 + l1ω1 + l2ω2)τ
exp(−il2ϕ0).
Here we used the well-known Bessel formula[28℄
exp(±iβ sin θ) =
∞∑
l=−∞
Jl(β) exp(±ilθ). (22)
Therefore the expression for fm (21) beomes
fm = f
eq
m exp{[β1 sin(ω1t) + β2 sin(ω2t+ ϕ0)]im}
×
∞∑
l1,l2=−∞
Jl1(mβ1)Jl2(mβ2)
exp([−il1ω1 − il2ω2]t)
1− i(mΩ0 + l1ω1 + l2ω2)τ
exp(−il2ϕ0).
Using again Eq. (22) we get
fm = f
eq
m
∞∑
l1,l2=−∞
∞∑
k1,k2=−∞
Jl1(mβ1)Jl2(mβ2)Jk1(mβ1)Jk2(mβ2)
×
exp{[−i(l1 − k1)ω1 − i(l2 − k2)ω2]t}
1− i(mΩ0 + l1ω1 + l2ω2)τ
exp[−i(l2 − k2)ϕ0].
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Let us hange indexes l1 − k1 = −ν1, l2 − k2 = −ν2. Then
fm = f
eq
m
∞∑
l1,l2=−∞
∞∑
ν1,ν2=−∞
Jl1(mβ1)Jl2(mβ2)Jl1+ν1(mβ1)Jl2+ν2(mβ2)
×
exp[i(ν1ω1 + ν2ω2)t]
1− i(mΩ0 + l1ω1 + l2ω2)τ
exp(iν2ϕ0). (23)
Now we need to alulate the time-depended average eletron veloity (f. Eq. (3))
V (t) =
~
d
2pi∫
0
V0 sin(ϕ)f(ϕ) dϕ. (24)
Substituting the distribution funtion (23) into (24), we obtain
V (t) =
~
d
V0
∞∑
m=−∞
fm
2pi∫
0
sin(ϕ) exp(imϕ) dϕ = pii
~V0
d
(f1 − f−1). (25)
Using the denition of the absorption (4), (25), (23) and denoting
G(m, l1, l2) =
1
1− i(mΩ0 + l1ω1 + l2ω2)τ
=
1 + i(mΩ0 + l1ω1 + l2ω2)τ
1 + (mΩ0 + l1ω1 + l2ω2)2τ 2
,
we get
A =
ipi~V0
2d
f eq1
∞∑
l1,l2=−∞
∞∑
ν1,ν2=−∞
Jl1(β1)Jl2(β2)Jl1+ν1(β1)Jl2+ν2(β2) exp(iν2ϕ0)
×
{[
G(1, l1, l2)− (−1)
ν1+ν2G(−1, l1, l2)
]
〈exp[i(ν1ω1 + ν2ω2 + ω2)t]〉t exp(iϕ0)
+
[
G(1, l1, l2)− (−1)
ν1+ν2G(−1, l1, l2)
]
〈exp[i(ν1ω1 + ν2ω2 − ω2)t]〉t exp(−iϕ0)
}
+ c.c
=
in0V0I1
2I0
∞∑
l1,l2=−∞
∞∑
ν1,ν2=−∞
Jl1(β1)Jl2(β2)Jl1+ν1(β1)Jl2+ν2(β2)
× {G(1, l1, l2)〈exp[i(ν1ω1 + ν2ω2 + ω2)t]〉t exp[iϕ0(ν2 + 1)]
− G∗(1, l1, l2)〈exp[−i(ν1ω1 + ν2ω2 − ω2)t]〉t exp[−iϕ0(ν2 − 1)]}+ c.c. (26)
Performing the averaging in Eq. (26) over the ommon period T = 2pin/ω1 = 2pim/ω2 of
the pump and probe a elds satisfying (1), we obtain the onditions
ν1ω1 + ν2ω2 + ω2 = 0, ν1ω1 + ν2ω2 − ω2 = 0 (27)
for the rst and seond term in (26), respetively. It follows from (27) that ν1 = −jm
(j ∈ Z), as well as that ν2 = jn− 1 for the rst term and ν2 = jn + 1 for the seond term
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in (26), respetively. As a result we have
A =
iV0I1(y)
2I0(y)
∞∑
l1,l2=∞
∞∑
j=−∞
Jl1(β1)Jl2(β2)Jl1−jm(β1)
× [Jl2+jn−1(β2)G(1, l1, l2) exp(iϕ0jn)
− Jl2+jn+1(β2)G
∗(1, l1, l2) exp(−iϕ0jn)] + c.c. (28)
Taking into aount that Vp = V0I1(y)/2I0(y) with y = ∆/2kBT ,
iG(1, l1, l2) exp(iϕ0jn) =
i− (Ω0 + l1ω1 + l2ω2)τ
1 + (Ω0 + l1ω1 + l2ω2)2τ 2
[cos(jnϕ0) + i sin(jnϕ0)]
and
iG∗(1, l1, l2) exp(−iϕ0jn) =
i+ (Ω0 + l1ω1 + l2ω2)τ
1 + (Ω0 + l1ω1 + l2ω2)2τ 2
[cos(jnϕ0)− i sin(jnϕ0)],
we obtain the nal formula for absorption
A = Vp
∞∑
l1,l2=−∞
∞∑
j=−∞
Jl1(β1)Jl2(β2)Jl1−jm(β1) [Jl2+jn−1(β2) + Jl2+jn+1(β2)]
×
[
(Ω0 + l1ω1 + l2ω2)τ cos(jnϕ0) + sin(jnϕ0)
1 + (Ω0 + l1ω1 + l2ω2)2τ 2
]
. (29)
Pavlovih formula
In our notations the Pavlovih formula for absorption at harmonis and integer-half
harmonis in unbiased SSL (Eq. (5) in Ref. [16℄) an be written as
A = β2
∞∑
l=−∞
J2l (β1)
(ν − l)ω1τ
1 + (ν − l)2(ω1τ)2
+
β2
2
[
1 + (−1)2ν
]
×
∞∑
l=−∞
Jl(β1)Jl−2ν(β1)
[
lω1τ
1 + (lω1τ)2
+
(ν − l)(ω1τ)
1 + (ν − l)2(ω1τ)2
]
, (30)
where ν = ω2/ω1. It is easy to see that the rst term in Eq. (30) is the inoherent absorption
for both ν = m/2 and ν = m (f. Eq. (12)). In the ase of absorption at half-harmonis
(ν = m/2) that is the only nonzero term in the expression (30), what is onsistent with our
result Eq. (15). For absorption at harmonis (ν = m) the seond term in Eq. (30) is just the
oherent absorption (f. Eq. (11) for φ0 = 0). Finally we onsider the last term in (30) for
ν = m. Introduing new summation index k = 2m− l we get
∞∑
l=−∞
Jl(β1)Jl−2m(β1)
(m− l)(ω1τ)
1 + (m− l)2(ω1τ)2
= −
∞∑
k=−∞
Jk(β1)Jk−2m(β1)
(m− k)(ω1τ)
1 + (m− k)2(ω1τ)2
.
Therefore this term equals to zero, as also easy to hek numerially. We onlude that for
φ0 = 0 our equations are idential to the Pavlovih formula.
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